There are many examples of branching networks in nature, such as tree crowns, river systems, arteries and lungs. These networks have often been described as being self-similar, or following scale-invariant branching rules, and this property has been used to derive several scaling laws. In this paper we model root systems of Douglas-fir (Pseudotsuga menziesii var. glauca (Beissn.) Franco) as branching networks following several simple branching rules. Our objective is to establish a relationship between trunk diameter and root biomass. We explore the effect of the self-similar branching assumption on this relationship. Using data collected from a mature stand in British Columbia, we find that branching asymmetry and the rate of root taper change with root size, thereby violating the assumption of self-similarity. However, the data are in general agreement with Leonardo da Vinci's area-preserving branching hypothesis. We use the field data to parameterize two models, one assuming self-similar branching and a second incorporating the measured size dependencies of branching parameters. The two models differ by only a small amount (:8%) in their predictions. For both models, the predicted relationship between trunk diameter and root biomass is in good concordance with previously published empirical data. We conclude that the assumption of self-similar branching, although violated by the data, nevertheless provides a useful tool for predicting the allometric relationship between trunk diameter and root biomass. Finally, we use our models to show that the geometric properties of individual bifurcations fundamentally change the root biomass cost of different root topologies.
Plant root systems are a major carbon sink. For example, Jackson et al. (1997) calculated that fine root turnover alone represents 33% of global net primary productivity. Furthermore, standing root biomass varies from 0.2 to 5.0 kg/m 2 across the world's terrestrial biomes, with the highest values ( ]4.0 kg/m 2 ) being found in forests and sclerophyllous shrublands (Jackson et al. 1996) . In temperate coniferous forests, standing root biomass is about one-fifth that of standing above-ground (Jackson et al. 1996) .
As uptake organs for water and nutrients, and the interface between plants and the soil system, roots govern many competitive interactions (Fitter 1987 , Casper and Jackson 1997 . At a larger scale, roots influence processes important at the ecosystem level, such as soil erosion and carbon cycling. The size, structure, and extent of root systems control many of these functions.
However, root systems of plants in general and trees in particular are notoriously difficult to measure because of the difficulty in excavating large volumes of soil (Bö hm 1979). Perhaps not surprisingly, then, they have been referred to as the ''hidden half'' (Waisel et al. 1996) .
A parameter of particular importance is root biomass: knowledge of root biomass is critical for understanding trade-offs between root and shoot carbon allocation, as well as ecosystem carbon cycling. It would therefore be desirable to predict root biomass from easily observable parameters such as tree diameter. One approach is to fit allometric equations through data obtained from direct measurements of root biomass and stem diameter (Gholz et al. 1979 , Kuiper and Coutts 1992 , Thies and Cunningham 1996 . However, since root systems can show high architectural plasticity (Fitter 1987) , it is unclear to what degree the observed relationship can be generalized to different site conditions or across species. More general predictions for the scaling of root biomass with plant size require a deeper understanding of the mechanisms of root growth.
Branching systems are widespread in nature (Turcotte et al. 1998) , and in addition to botanical studies (Leopold 1971) , they have received considerable attention in geological (Horton 1945 ) and medical literature (Murray 1926, Horsfield and Woldenberg 1989) . The first step for achieving a mechanistic understanding of branching networks such as root systems is to deduce properties of the entire network from basic rules governing individual bifurcations and the geometry of each segment or branch. This task is greatly simplified if branching rules or patterns are constant throughout the network, independent of branch size (Spek and van Noordwijk 1994, Ozier-Lafontaine et al. 1999) . Such a branching network is called self-similar; this implies that the system has geometric properties that are fractal or ''pseudo-fractal'' (Mandelbrot 1983 , Zamir 1999 , 2001 ). An example of such a branching rule is commonly referred to as the ''Leonardo'' or ''da Vinci'' rule because Leonardo da Vinci first proposed it (Richter 1970) . This rule states that cross-sectional area is preserved during a branching event: the sum of the crosssectional areas of all daughter branches is equal to the cross-sectional area of the parent branch (Zimmerman 1978 , Mandelbrot 1983 , Carlson and Harrington 1987 , Spek 1997 , Kruszewski and Whitesides 1998 .
Models based on space-filling self-similar branching networks have been applied successfully to the description of vascular and circulatory systems in plants and animals, and these models predict many known scaling laws (West et al. 1997 (West et al. , 1999 . Although self-similar branching has often been assumed to occur in organisms, it has rarely been tested against empirical data, and the same is true for scaling laws derived under self-similar branching assumptions. An exception is the recent work by Zamir (1999) which showed that the branching patterns of the right coronary artery of a human heart are not constant with vessel size. There are few comparable data available for branching networks in plant roots or canopies.
In this study we try to close this gap. First we develop models to calculate root biomass based on parameters describing the geometry of individual bifurcations. The approach we adopt here is similar, but not identical, to that taken by van Noordwijk et al. (1994) , Spek and van Noordwijk (1994) and Spek (1997) . Then, using measurements of branching patterns in the root systems of interior Douglas fir trees (Pseudotsuga menziesii var. glauca (Beissn.) Franco), we test the assumption of self-similarity. Finally, we compare our model predictions with published empirical data, and we use our model to explore how the relationship between trunk diameter and root biomass varies with branching geometry.
Methods

Model development
In a dichotomous branching event, a parent branch spawns two daughter branches (Fig. 1) , and the relationship between parent branch diameter (d p ) and the sum of the diameters of the two daughter branches (d S = d 1 + d 2 ) can be described by eq. (1) 
The parameter b (which ranges between 0 and 1) indicates branching asymmetry, i.e. the relative sizes of the two daughter branches,
(1) indicates whether the cross sectional area decreases (DB 2), increases (D\ 2) or is preserved (D= 2) during a branching event. Under the da Vinci rule, D=2.
An alternative way to describe the change in crosssectional area is to consider the parameter a (van , Ozier-Lafontaine et al. 1999 , which denotes the ratio of the area of the parent branch to the sum of the areas of both daughter branches
). In terms of the parameters in eq. (1), the expression for a can be re-written as: An individual branch segment has proximal diameter d 0 and distal diameter d d , and thus tapers at a rate t=d d /d 0 . If a branch segment has internode length h, then the volume of an individual branch becomes:
If a and t are constant, then the sum of squared diameters after n bifurcations is given by d 0 2 (a× t 2 ) n . If a× t 2 B1, and we define a constant wood density, r, then the total root system biomass, M, after an infinite number of branching events, converges to
where K is given by:
If we take d 0 as the basal trunk diameter of the tree (i.e. at the root-shoot interface), which can be considered the starting point for the root system, then eq. (4) gives the mass of the entire root system. However, because of butt swell, or the tendency for bole diameter to sharply increase near ground level, we suggest that diameter at breast height (DBH) is a better measure of ''true'' trunk diameter than basal trunk diameter. Eq. (4) thus indicates that the total root biomass increases proportional to the trunk diameter squared (M8 d 0 2 ). The proportionality constant depends on the geometry of an individual branch (i.e. t and h) and the branching rules (i.e. a, which is determined by b and D).
The approximation above requires constancy of all parameters throughout the root. We therefore wrote an iterative model as a BASIC program to take into account the fact that these parameters might vary with root size. The program is based on the same principles as the first model, but allows the model parameters to be size-dependent. The model starts with a branch of d 0 and calculates the mass of this branch based on h, t and r. It then uses eq. (1) to calculate the proximal diameters of the two daughter branches, changes parameters according to the diameters d 1 and d 2 , and calculates the mass of the new branches. This procedure is repeated until all branches reach a minimum specified size. Hence, the two models differ in that the second model pursues branching only to a finite level. In the following analysis, we used a minimum diameter of 1.0 cm, as this corresponded to the minimum diameter of the root systems excavated by Thies and Cunningham (1996) against which we compared our model predictions. Specifying a smaller minimum diameter (0.1 cm) resulted in a larger calculated M by the second model. The effect was relatively large for small trunk diameters (45% of root biomass for d 0 = 4 cm), but the relative magnitude of the effect decreased with increasing d 0 (e.g. 13% for d 0 = 15 cm). Our focus in this paper is on trees with DBH between 20 -40 cm.
Parameterization of the model
To parameterize eq. (4) and (5), as well as the iterative model, we measured branching patterns of Douglas-fir roots in a stand near Merritt, British Columbia. Field work was conducted in the north-east corner of the B.C. Ministry of Forests' Pothole Creek research site (49°54% N, 120°36% W, elevation 1210 m). The site is classified as a dry, cool variant of the Interior Douglas-fir (IDFdk1) biogeoclimatic zone (Lloyd et al. 1990 ) The site is dominated by Douglas-fir, with occasional lodgepole pine (Pinus contorta Dougl.) and hybrid interior spruce (Picea engelmannii ×glauca). The site is described in greater detail elsewhere (Richardson 2000) .
We hydraulically excavated root systems of both mature (150 + years old, 4 trees) and younger ( B 60 years old, :10 trees) Douglas-fir using a Wajax fire pump powered by an 18 hp Briggs and Stratton engine. Most excavation was done at relatively high water pressure, approximately 1100 kPa, in order to break apart the hard, cemented soil peds. We completely excavated one area, measuring 5 × 8 m, to a depth of 50-100 cm. In a second, adjacent, area, we excavated trenches so that major lateral roots could be studied.
At 250 points of bifurcation, we measured the diameter of the parent root and both daughter roots. We made measurements about 5 cm above and below the point of bifurcation, to avoid the swelling that often accompanied branching (Carlson and Harrington 1987) . Diameter was measured to the nearest 0.1 mm using vernier calipers. Parent roots ranged in diameter from 0.2 to 10.4 cm, with a mean of 1.65 cm and median of 1.07 cm. Daughter roots ranged in diameter from 0.11 cm to 9.59 cm. Measurements of branching asymmetry b were made at an additional 100 points of bifurcation.
The linear distance between 156 points of bifurcation was measured to determine the branch length, or internode distance, h, of coarse roots. Only those nodes where each daughter root was more than 0.5 cm in diameter, and the parent root was also more than 0.5 cm in diameter, were considered. Thus any point where a fine root split off from a much larger root was not considered to be a branching node. For 143 branch segments, the taper rate, t, was calculated as the ratio of the diameter at the distal end of each branch segment to that at the proximal end. We collected a total of 31 disks (mean diameter 6.8 cm, ranging in thickness from 2 -4 cm), which were oven-dried at 70°C and weighed in order to determine wood density r.
To test for size dependence of different branching parameters we regressed the different parameter values (b, D, a, t, h) against diameter of the parent branch. A slope significantly different from zero, or a visually apparent change in the parameter distribution with branch size, was interpreted as evidence against selfsimilar branching.
Results
We used numerical methods to solve for the diameter exponent, D, in eq. (1) for each branching event (Fig.  2) . For 11 of the 250 measured bifurcations, there was no solution for D. Calculated values of D ranged between 0.92 and 7.54; most values were in the range of 1.0-4.0. Scatter around the mean value, 2.02 9 0.77 (mean91 S.D., n= 239), was large for all parent root diameters, especially those of less than 4 cm; from Fig.  2 it is clear that the distribution of D (both mean and variance) changed with d p . Although the median calculated value for D was 1.85, D =1.7 actually minimized the mean squared difference between the two sides of eq. (1). However, this smaller value for D reduced the mean squared difference by only 23% relative to D= 2, and using bootstrapping methods (10 000 iterations), we could not reject the hypothesis that D= 2 (P= 0.10).
There was good evidence for area-preserving branching across more than three orders of magnitude (Fig.  3) , and we therefore concluded that the bifurcation data generally supported the da Vinci rule (D =2). Data were log-log transformed to ensure homogeneity of error term variance across the wide range of branch Fig. 3 . Test of the ''da Vinci rule'' (area-preserving branching hypothesis). The cross-sectional area of the parent root is plotted against the combined cross-sectional area of the two daughter roots; the 45°line indicates where they are equal. The best fit line (indistinguishable from the 45°line) has a slope not significantly different from 1.0. diameters, and orthogonal regression techniques used to take into account measurement error in both x and y variables. The best-fit line through these data, log 10 (d p 2 ) =0.019+ 1.002 log 10 (d 1 2 + d 2 2 ), had a slope not significantly different from 1.0 at the 0.05 level (95% confidence interval: 0.985 -1.020). The best-fit line cannot be distinguished from the 45°line shown in Fig. 3 .
The mean parameter values, across all roots, are given in Table 1 . However, plots of the model parameters b, a, t, and h against branch size revealed significant scatter across all branch sizes (Fig. 4) . In general, the amount of scatter appeared to decrease with increasing branch size, although the small sample size of roots greater than 10 cm in diameter makes this difficult to test. Regression of the model parameters against branch size showed that b, or branching asymmetry, was positively correlated (P50.001) with branch diameter, whereas t was negatively correlated (P=0.01) with branch diameter. Neither the area ratio a (P= 0.10) nor internode distance h (P= 0.22) was significantly correlated with branch diameter.
Therefore, based on the fact that the branching rules and branch geometry were both 1) highly variable across all branch sizes; and 2) in some cases non-con- cm) for which the model was run. Part of this difference may be attributed to the minimum root diameter specified in the iterative model. We then compared these predictions with published individual-tree data from Thies and Cunningham (1996) (Fig. 5) . The model predictions gave a satisfactory fit (R 2 = 0.68 for eq. (4), R 2 = 0.69 for iterative model), despite the small data set used to parameterize the models. However, both models predicted a slightly flatter relationship (M8 d 0 2 ) than the linear best-fit line through the log-log transformed field data (M8 d 0 2.5 ).
Discussion
In this paper we used measurements of Douglas-fir root branching patterns to parameterize models describing a relationship between trunk diameter and root biomass. In the first model, for which we were able to derive an analytical solution, we assumed that the root system branching patterns were self-similar. In other words, we assumed that the branching parameters were constant and did not change with root size. This led to a simple expression for root biomass which is proportional to the square of the trunk diameter. In the second model, we allowed the branching patterns to change with size; this demanded an iterative model for which no analytical solution exists. Based on data collected from excavated Douglas-fir root systems, we were led to reject the assumption of self-similarity. Branching parameters were somewhat size-dependent, in agreement with the results of Zamir (1999) for arterial bifurcations and Ozier-Lafontaine et al. (1999) for roots of Gliricidia sepium. More important, perhaps, was the fact that the variability of the different parameters was both very large and to some degree a function of root diameter. Fig. 5 . Theoretical predictions from our models for the relationship between trunk diameter at breast height (DBH) and root biomass compared with published individual-tree data from Thies and Cunningham (1996) . The solid line ( -) denotes the analytical model described in text, assuming size-independent parameters for branching rules and branch geometry. The dashed line (-----) denotes the iterative model described in text, which incorporates size dependency. DBH is measured in cm and root biomass in kg.
stant with regards to branch diameter, we were led to reject the hypothesis that Douglas-fir root systems are self-similar branching networks.
Model comparison
The measured branching parameters were used to predict the relationship between trunk diameter and root biomass using our analytical model (eq. (4)) assuming self-similar branching, and our iterative model incorporating the measured size dependencies. The models were in close agreement with each other, although the analytical model predicted a root biomass that was about 8% higher across the range of trunk diameters (20 -45
The change in the mean parameter values with size was small compared to this variability. However, we found that even when parameters were made size-dependent, there was little difference in the root biomass predicted by the iterative model. Furthermore, both model results agreed reasonably well with published Douglas-fir root biomass and tree diameter data (Thies and Cunningham 1996) . Thus, for our purposes, there appeared to be no benefit in allowing model parameters to change with branch size. For the following discussion, therefore, we will use the model described by eq. (4) to explore the effect of changing branching parameters on the relationship between diameter and root system biomass.
Diameter exponent (D)
In a number of diverse biological fields, there has historically been considerable interest in the da Vinci rule of area-preserving branching, although some studies have proposed values for D other than 2. We are aware of only one other study where D has been explicitly calculated for root systems; Oppelt et al. (2001) found D =2.3 for a variety of African fruit tree species. Carlson and Harrington (1987) showed that the cross-sectional area of Pinus taproots at groundline was approximately equal to the sum of the cross-sectional areas of the first order lateral roots, supporting the da Vinci rule, and in agreement with the data of Wilson (1975) and Shinozaki et al. (1964b) . Zimmerman and Brown (1971) demonstrated area-preserving branching in tree crowns, but Farnsworth and van Gardingen (1995) found D= 4 for Sitka spruce branches. Based on relationships between branch diameter and branch mass, Murray (1926 Murray ( , 1927 suggested D =2.49 and 3 for the branches of large and small trees, respectively, although Mandelbrot (1983) disagreed with this interpretation. Mandelbrot (1983) claimed that D =3 for the lung's air pipes, and D= 2.7 for arteries. Horsfield and Woldenberg (1989) calculated D=2.3 in the human lung, which they suggest is the optimal value for minimizing metabolic costs under turbulent flow. Zamir (1999) found that D generally ranged between 1 and 3 for arteries, although much higher values were occasionally found (D] 8) for arteries of diameter less than 0.25 mm. An important difference between trees and arteries (or bronchii) is that the artery is itself the pipe; with trees, the branch segment is a bundle of thousands of vessels or tracheids, which are themselves the pipes of conduction.
Although our data do not lead us to reject the hypothesis of area-preserving branching, one might still speculate about reasons for D taking on a value smaller than 2. The pipe model theory, first introduced by Shinozaki et al. (1964a, b) , provides the main theoretical justification for the cross-sectional area rule. The pipe model considers individual trees to be collections of active pipes, which extend from root tip to foliage, and some disused pipes, which no longer connect to foliage. The contiguous nature of these pipes ensures that the cross-sectional area is preserved during a branching event.
However, this model could be improved by considering that only a comparatively thin ring of cells (active phloem and xylem) actually functions as conducting tissue (Zimmerman 1978) . It is therefore conceivable that only the area of this ring of conducting cells is conserved during branching. If the ring is thin enough, its cross-sectional area can be approximated as the product of (ring circumference) × (ring width). Assuming that ring width and circumference scale as power functions of branch diameter, d a and d b , respectively, then ring area 8d . The exact value of D would thus essentially depend on the relative rate of the production of new conducting tissue and the conversion into of conducting tissue into cells with other functions, and clearly this may vary between species or sites.
One important aspect of the diameter exponent is that it determines how other branching parameters influence the scaling factor in eq. (4) via eq. (2). If the cross-sectional area is preserved during branching, then D= 2 results in a= 1 regardless of the value of b, and the model prediction of root biomass becomes a function of just the tapering rate (t).
Branching asymmetry (b)
If D differs from 2 (i.e. a differs from 1), then the scaling factor in eq. (4) depends also on branching asymmetry described by the parameter b (eq. (1, 2) ). For DB 2, intermediate values of b ( :0.5) lead to lowest root biomass for a given d 0 , but when D \2, b =0.5 actually maximizes root biomass (Fig. 6) . Intermediate values of b correspond to what is referred to as ''dichotomous branching,'' whereas extreme values of b (closer to 1 or 0) result in ''herringbone branching' ' (e.g. Fitter 1987) (Fig. 7) . In dichotomous branching, all branching segments at a given level of branching are of the same size; in herringbone branching, there is one dominant root axis. If root biomass is taken to be a measure of construction cost, then our model suggests that Fitter's (1987) conclusion that herringbone structures are more costly is therefore only true for DB 2. (Note, however, that Fitter (1987) was dealing with root systems of ''a given magnitude,'' where magnitude ered to be good for the exploration of large or unrestricted volumes of soil, whereas dichotomous branching systems explore intensively a confined volume of soil (Fitter et al. 1991, Spek and . Dichotomous branching may result in a more locally intensive exploitation of the soil, but herringbone root systems have been shown to have a higher exploitation efficiency , but see Berntson 1994 for a discussion of the tradeoffs between efficiency and potential). Furthermore, there is believed to be some degree of plasticity in root topology, and these different branching patterns have been related to soil conditions . For example, herringbone root systems are expected to occur in nutrient-poor soils .
Because the diameter exponent determines whether herringbone or dichotomous branching patterns are more costly, it seems likely that plants differing in this exponent have very different ecological niches. Since the diameter exponent itself depends on growth patterns at the cellular scale, there appears to be the potential to tie the ecological traits of a plant to patterns of cell growth in the root system.
Biomass, M, in relation to stem diameter, d 0
The model described by eq. (4) predicts that root system biomass M scales as the square of d 0 . Other studies have suggested larger values for the scaling exponent. The fractal model of plant architecture proposed by West et al. (1999) , and which incorporates size-dependencies of branch length as well as minimum root size, predicts that M8d 0 2.67 . Our data did not indicate size dependencies of branch segment length. However, previous authors have frequently found scaling exponents ] 2.0. For example, Murray (1927) found that M8 d 0 2.49 in the branches of a wide variety of temperate species. In root systems, Oppelt et al. (2001) determined that M8 d 0 2.19 (if we assume mass to be directly proportional to root volume), and the data of Thies and Cunningham (1996) suggest that M8 d 0 2.48 . This leads us to conclude that one or more branching parameters, which we take to be fixed, may in fact scale as a function of d 0 ; future models will need to correct for this.
Summary
We have shown that the assumption of self-similar branching in Douglas-fir roots -even though not entirely supported by the data -allows the development of a simple model that appears to be useful for predicting root system biomass. It remains to be demonstrated, however, that this model (or a variarefers to the number of external links, or root tips. In our model with a specified d min , herringbone branching results in a root system with lower magnitude than a dichotomously branching system of the same d 0 ; adjusting for magnitude [which would require the herringbone system have a larger d 0 ], the herringbone system is in fact more expensive to construct even when D=2.)
Our model suggests that if D \2 then herringbone branching patterns (extreme values of b) result in a root system which is least costly for a given starting diameter d 0 (Fig. 6) . We believe this to be an important result, since root topology is acknowledged to have functional significance (Fitter 1985 , 1987 , Berntson 1994 , Oppelt et al. 2001 . Herringbone systems are consid- Fig. 7 . Graphical representation of two distinctly different branching topologies. In herringbone branching (high b), the main stem is the longest and thickest branch, and there are comparatively few side branches (4 root-tips in this case). In dichotomous branching (b =0.5), all branches of the same order are of the same size, and the number of tips is much higher (8 in this case). Numbers indicate branch diameter, assuming area-preserving branching. The starting diameter (d 0 ) is 6.0 cm; branches are shown to a minimum diameter of 1.0 cm. tion of it) works for other species, or for other root properties such as surface area, length, number of branch segments, etc., all of which are functionally important .
Our model enabled us to examine the effect of several branching parameters on root system biomass. In particular, we showed that the diameter exponent D determines which branching topology (e.g. herringbone or dichotomous branching) is most costly to construct in terms of root system biomass. The diameter exponent itself is tied directly to the proportion of cross-sectional area that is preserved during branching, as well as how this proportion scales with branch diameter. This then provides a link between developmental properties (annual secondary thickening of the root), and ecological properties, since topology is considered to have functional significance. This simple model may provide a starting point for more complex models of root system architecture.
